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Constrained Multipoint Aerodynamic Shape Optimization
Using an Adjoint Formulation and Parallel Computers, Part 1
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This paper is the first of a two-paper series (Reuther, J. J., Jameson, A., Alonso, J. J., Rimlinger, M.
J., and Saunders, D., “Constrained Multipoint Aerodynamic Shape Optimization Using an Adjoint For-
mulation and Parallel Computers, Part 2,”> Journal of Aircraft, Vol. 36, No. 1, 1999, pp. 61-74), that
describes a shape optimization method for aerodynamic design problems involving complex aircraft con-
figurations and multiple design points that are subject to geometric constraints. The aerodynamic per-
formance is evaluated using a set of high-fidelity governing equations discretized on body-conforming
multiblock meshes. The design process is greatly accelerated through the use of an adjoint method for
the calculation of sensitivity information and by means of a parallel implementation for distributed
memory computers. This paper focuses on the details of the development and implementation of the
complete design algorithm. A general adjoint formulation of the design optimization problem is presented
along with a detailed derivation of the adjoint system for the Euler equations. The multiblock approach
for the flow and adjoint solution algorithm and the mesh perturbation procedure are described. The
extension of this approach to treat multipoint and constrained shape optimization of complete aircraft

configurations is also discussed. Finally, the details of the parallel implementation are examined.
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S = surface area

S., S,, S. = projected surface areas in Cartesian coordinate
directions

t = time

U, = contravariant velocity components

u; = Cartesian velocity components

w = conservative contravariant flow variables

w = conservative Cartesian flow variables

X; = Cartesian coordinates

@ = angle of attack

v = ratio of specific heats, C,/C,

o = first variation

5, = Kronecker delta function

A; = cost function weights for the ith flow condition

& = computational coordinates

p = fluid density

Y = Lagrange multiplier, costate, or adjoint variable

Introduction

OMPUTATIONAL fluid dynamics (CFD) methods have

traditionally been used to calculate the aerodynamic per-
formance of existing aircraft configurations. However, much
larger payoffs can be derived from the use of CFD methods
as aerodynamic design tools. Yet, despite the fact that flow
analysis has matured to the extent that Navier—Stokes solu-
tions are routinely computed for very complex three-dimen-
sional configurations, automated design methods that incor-
porate high-fidelity CFD modeling have only recently seen
limited use for practical three-dimensional design problems.'~’
The main obstacle preventing the use of CFD tools as a basis
for aerodynamic design is the fact that their computational cost
can be prohibitive for three-dimensional problems. With this
issue in mind, our group has proposed a general strategy that
uses the theory of control of partial differential equations® to
devise computationally efficient adjoint-based design methods.
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Before examining our approach to CFD-based aerodynamic
shape optimization, a brief background of previous methods is
warranted. The simplest way of extending existing CFD anal-
ysis methods for the treatment of design problems is by direct
coupling with a numerical optimization algorithm.**~"' The es-
sence of these design methods, which incur a heavy compu-
tational expense, is quite simple: a numerical optimization pro-
cedure is used to extremize a chosen aerodynamic cost
function that is evaluated by the CFD code under considera-
tion. The configuration is modified by the optimization algo-
rithm through a set of user-specified design variables in an
iterative fashion until a minimum is found.

In aerodynamic design applications, where the design space
is often smooth, numerical optimization algorithms that use
both the value of the cost function and its gradient usually
have performance advantages over methods that rely on func-
tion evaluations alone. The simplest approach to obtain the
necessary gradient information is the finite difference method.
In this method, the components of the gradient are estimated
by taking the differences in the values of the objective function
resulting from independent perturbations to each of the design
variables. This gradient information is then used by the nu-
merical optimization algorithm to determine a direction along
which an improvement should exist. After finding the mini-
mum of the objective function along this search direction, the
process is repeated until no further improvements to the design
can be obtained. While the finite difference approach is rela-
tively straightforward, it has one substantial drawback: for the
design of complex configurations requiring hundreds or even
thousands of design variables and multiple design points, the
approach incurs an unaftfordably high computational cost. Nev-
ertheless, the finite difference approach can, in some cases, be
considered an attractive option for aerodynamic design prob-
lems because alternative optimization strategies that do not
rely on the use of gradient information, e.g., grid searches,
genetic algorithms,'? and simulated annealing, often require an
even greater number of function evaluations.

An alternative strategy for aerodynamic design problems is
the inverse design approach. Inverse methods attempt to
achieve a prescribed target distribution using iterative modifi-
cations to the shape of the boundary. Their computational costs
are proportional to that of a single flow analysis and, hence,
they are far less expensive than finite difference-based opti-
mization methods. Unfortunately, they require the specification
of a target distribution which, in general, cannot be guaranteed
to produce improvements in the design and may, in fact, prove
to be unrealizable. In contrast, design methods that use a nu-
merical optimization procedure are considerably more versatile
since they permit a variety of aerodynamic figures of merit to
serve as the objective function.

The use of numerical optimization for transonic aerody-
namic shape design was pioneered by Hicks et al.,” who ap-
plied their method to the design of two-dimensional profiles
using the potential flow equation. Their method was quickly
extended to wing design by Hicks and Henne,' and later,
through the work of Reuther et al.,’ the approach was suc-
cessfully extended to the design of supersonic wing—body
transport configurations.” However, because all of these meth-
ods used the finite difference approach in conjunction with a
serial implementation of the algorithm, they were limited to
the very simple configurations and modest numbers of design
variables owing to their lengthy computational run times. De-
spite the well-known importance of achieving a highly tuned
nacelle/airframe integration for optimum aerodynamic perfor-
mance, the designs included only the fuselage and wing.” The
direct presence of the nacelles was omitted from the design
process because the number of mesh points required for such
a configuration is roughly double.

Recently, through the work of our group and that of other
researchers, alternative, less-expensive methods for obtaining
the desired gradients have been developed. Because a large

part of the computational work in the finite difference opti-
mization approach was spent in the calculation of the sensitiv-
ity information, these newly developed methods can greatly
reduce the computational cost of design algorithms. In the
most promising of these new methods, the adjoint approach,
the gradient information at a single design point with respect
to an arbitrary number of design variables can be obtained with
the equivalent of two flow calculations (one flow or state so-
lution and one adjoint or costate solution), instead of the n +
1 flow calculations (n being the number of design variables)
that are required when using finite differences. Another advan-
tage of the adjoint approach is that a high convergence level
for the flow and adjoint systems is not required to obtain useful
gradient information. This is in significant contrast to the
highly converged flow solutions that are crucial to the accuracy
of finite difference gradients."

For the case of multiple design points at different flight con-
ditions, the adjoint approach requires separate flow and adjoint
solutions for each of the design points, yielding 2m equivalent
flow calculations (where m is the number of design points). In
contrast, the finite difference method requires m(n + 1) flow
solutions. Thus, for large numbers of design variables, and
particularly for multiple design points, the finite difference
method can quickly saturate the available computing resources,
thereby making the use of the adjoint approach more appeal-
ing.

Despite large reductions in computational cost provided by
an adjoint formulation, the aerodynamic optimization of com-
plete configurations remains a formidable challenge. This
statement is especially true with regard to the eventual inclu-
sion of viscous effects or when viewed within the context of
larger multidisciplinary design optimization (MDO) problems.
The advent of reliable and efficient multiprocessor computers
with various forms of distributed memory has enabling tech-
nology to permit the types of calculations presented in this
work. This new class of computers has provided acceptable
and cost-efficient turnaround for design calculations of full
configurations subject to a variety of linear and nonlinear con-
straints at multiple flight conditions.

Our work has demonstrated that the combination of accurate
and efficient flow analysis procedures and adjoint-based sen-
sitivity analysis can result in practical design methods for the
airfoils, isolated wings, wing—bodies, and complex configu-
rations.*®'*"> The intention of this work is to provide a com-
prehensive description of a design algorithm that takes into
consideration the treatment of both geometric constraints and
multiple design points. The method satisfies the fundamental
requirements of reliable solution accuracy, acceptable com-
putational cost, complex geometry treatment, and rapid design
turnaround. This effort represents a substantial step toward the
development of MDO methods that incorporate high-fidelity
modeling of the physics within each discipline.

Formulation of the Adjoint Equations
The aerodynamic cost function at a given design point is a
function of the flowfield variables and the physical location of
the boundary of the geometry in question. Then

I=1Iw, F)
and a change in F results in a change
ol oI’

8l = — éw + — 6F (D)
ow oF

in the cost function. The governing equation R and its first
variation express the dependence of w and F within the flow-
field domain D

R(w, F) =0, R = (-a£> ow + (8—R> SF=0 (2
ow oF
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Next, introducing a Lagrange multiplier i, we have
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Choosing i to satisfy the adjoint or costate equation

R\ _ ol ’
ow l/l__aw )

the first term in Eq. (3) is eliminated, and we find that the
desired gradient is given by

Lo (R
G‘aF d’(aF) )

Because Eq. (5) is independent of ow, the gradient of I with
respect to an arbitrary number of design variables can be de-
termined without the need for additional flowfield evaluations.
The main cost incurred is in solving the adjoint Eq. (4). In
general, the complexity of the adjoint problem is similar to
that of the flow solution. If the number of design variables is
large, it becomes compelling to take advantage of the cost
differential between one adjoint solution and the large number
of flowfield evaluations required to determine the gradient us-
ing finite differences. To treat the multipoint design problem,
a new composite cost function is developed as a weighted sum
of the cost functions at each independent design point

N
I=> Al

i=1

where the \; coefficients are the weights on the cost functions
I at each of the design points. The composite gradient is ob-
tained using a linear combination of the gradients calculated
at each of the design points appropriately weighted by A,.

Issues of Importance for Design Problems

The development of aerodynamic design procedures that
employ an adjoint formulation is currently being investigated
by several groups of researchers. References 1, 7, 8, and 16—
31 represent a partial list of recent work in this developing
field by authors outside of our group, whereas Refs. 4, 6, 14,
15, and 32-43 provide a list of our own work in this area.
However, as is the case in any new research field, many ques-
tions remain unanswered. The most salient issues of concern
are the following: 1) use of discrete vs continuous adjoint for-
mulations, 2) parameterization of the design space, 3) choice
of optimization procedures, 4) level of coupling between de-
sign and analysis, and 5) treatment of geometric and aerody-
namic constraints.

The first set of adjoint equations for transonic flow problems
was derived and implemented by Jameson® and the approach
was later followed by Lewis and Agarwal.*® This adjoint sys-
tem was obtained directly from the analytic governing equa-
tions and is thus termed a continuous adjoint. The adjoint dif-
ferential equations with the appropriate boundary conditions
may then be discretized and solved in a manner similar to that
used in the flow solution algorithm. One may alternatively de-
rive a set of discrete adjoint equations directly from the dis-
crete approximation to the flow equations by following the
procedure outlined in Egs. (1-5). The resulting discrete adjoint
equations can be viewed as one of the possible discretizations
of the continuous adjoint system. This alternative is mentioned
by Jameson,* but was not adopted in that work because of the
complexity of the resulting discrete adjoint system. The ap-

proach, however, has been favored by Refs. 16—-19, 20-22,
and more recently by Ref. 7.

Both alternatives have advantages. The continuous approach
provides the researcher with the ability to understand the
meaning and behavior of the adjoint system and its related
boundary conditions, whereas the discrete adjoint is simply a
large system of coupled equations. On the other hand, the dis-
crete approach maintains consistency between the flow solu-
tion and the gradient information and, if properly implemented,
will give gradients that exactly match those obtained through
finite differences. The continuous formulation produces gra-
dients that are slightly inconsistent with those obtained by fi-
nite differences because of differences in the discretization be-
tween the state and costate systems. However, these slight
inconsistencies are of the order of the truncation error in the
solution and, therefore, must vanish in the limit of zero mesh
width.

The discrete adjoint equations form a linear system of equa-
tions, whether derived directly by the discrete approach or by
discretization of the continuous adjoint equation. The size and
complexity of the resulting linear system is such that the use
of a direct solution method is unrealistic except for two-di-
mensional problems and the smallest three-dimensional cases.
Application of the continuous sensitivity analysis fosters a
straightforward recycling of the flow solution algorithm for the
solution of the adjoint equations because the methods applied
to the original governing differential equations can be dupli-
cated for the adjoint differential equations. When the discrete
approach is used, the adjoint equations attain a complexity that
makes them cumbersome to solve in terms of both storage and
computational cost.”* Moreover, the discrete method is subject
to the difficulty that the discrete flow equations often contain
nonlinear flux limiting functions that are not differentiable.

Resolution of items 3 and 4 in the previous list strongly
hinges on the choice for item 2. In his original scheme,
Jameson used the location of each surface mesh point as a
distinct design variable.”**** In three-dimensional wing design
cases this led to as many as 4224 design variables.* If this
approach were followed for the design of a complete aircraft
configuration and all of the points on the surface were allowed
to move, the number of design variables would be in the tens
of thousands. Such large numbers of design variables preclude
the use of descent algorithms such as Newton or quasi-Newton
approaches because of the high cost of matrix inversion/fac-
torization operations. Therefore, Jameson® used a steepest de-
scent method based on a suitably smoothed gradient. This
method has the advantage that significant errors can be toler-
ated in the gradient evaluation during the early steps of the
design. Thus, the approach favors tighter coupling of the flow
solver, adjoint solver, and optimization procedure to accelerate
the convergence of the overall design process. Ta’asan et al.”
and Kuruvila et al.** have taken advantage of this situation by
formulating the design problem as a one shot procedure, where
all three systems are advanced simultaneously. The use of
every surface grid point as an independent design variable also
has the disadvantage of introducing high-frequency noise into
the gradient, can cause simple descent methods to fail. In his
original work, Jameson®**® addressed this poor conditioning by
smoothing the corrections to the surface shape.

References 2 and 9—11 have parameterized the design space
using sets of smooth functions that perturb the initial geometry.
Using such a parameterization it is possible to work with con-
siderably fewer design variables and eliminate the need for
smoothing of the shape change corrections to filter out the
high-frequency components. Note that because these pioneer-
ing efforts relied on finite difference gradients that required
highly converged flow solutions to obtain even reasonable gra-
dient accuracy, it was not possible to construct a one shot type
design method. Nevertheless, the combination of a modest
number of design variables and the reliance on highly con-
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verged flow solutions allowed the use of quasi-Newton search
strategies that improved the efficiency of the design process.

One simple choice of design variables for airfoils suggested
by Hicks and Henne'® has the following sine bump form:

log(l/2)/log(rl)] } >3
>

b(x) = {sin[mx 0=x=1 (6)

In this function, #, locates the maximum of the bump in the
range 0 < x < 1 at x = #;, because the maximum occurs when
x* = 3, where « = log +/log t,, or « log t;, = log . The
parameter t, controls the width of the bump. These functions
do not form a complete basis of the space of possible geo-
metric variations; however, they have provided a versatile way
of obtaining a reasonable parameterization of the design space.
When skillfully distributed over the entire configuration, such
analytic perturbation functions span a substantial design space.
Furthermore, particular choices of these variables will concen-
trate the design effort in regions where refinement is needed
while leaving the rest of the geometry virtually undisturbed.
The disadvantage of these functions is that they are not or-
thogonal, and there is no simple way to form a basis for the
design space with continuous functions that vanish at x = 0
and 1. For example, they do not guarantee that a solution of
the inverse problem for a realizable target pressure distribution
will be attained. Nevertheless, these functions have proven to
be quite effective in achieving design improvements using lim-
ited numbers of design variables. Furthermore, their use in the
design process may be accelerated either by tightly coupling
the individual elements of the design process, as was the case
when using the mesh points themselves, or through the use of
higher-order optimization methods. Finally, they have the ad-
vantage that there is no need to smooth the resulting geometry
during the design process because, by construction, higher fre-
quencies are not admitted.

Design variables may also be chosen as the locations of the
control points of B-spline curves that define the geome-
try."'®?%" Like the Hicks—Henne functions, B-splines allow
for a greatly reduced number of design variables, thus per-
mitting the use of higher-order optimization methods such as
quasi-Newton procedures. Furthermore, local control is also
possible by choosing only a limited number of active control
points as design variables. This method in practice seems to
have an advantage over the Hicks—Henne functions in that a
more complete space of designs is spanned for a given number
of design variables. Moreover, because B-spline curves and
surfaces are now the almost universal choice in CAD environ-
ments, they provide a straightforward way of interfacing CAD
and aerodynamic design. Despite these advantages, prelimi-
nary work™ has shown that, in contrast to Hicks—Henne func-
tions, the B-spline functions admit high-frequency noise in
both the representation of the geometry and the calculated gra-
dient. However, as explored by Lorentzen,” this difficulty may
be overcome by a smoothing procedure similar to the one used
in Jameson’s original work.

The last item (5) in the previous list, the treatment of geo-
metric and aerodynamic constraints, will also depend upon the
choice of item 2. In the particular formulation presented here,
a detailed description of constraint enforcement is discussed
later in this paper as well as in Ref. 56.

Multiblock Flow Solution

In our most recent papers,******* the Euler adjoint-based de-
sign formulation was extended to treat complete aircraft con-
figurations using a new parallel multiblock implementation.
This extension of the method required the replacement of our
single-block flow and adjoint solvers***** with their multiblock
counterparts. Thus, during the development of the new mul-
tiblock flow solver, considerable care was taken to achieve the
characteristics needed, not just for its use as an analysis tool,
but also for its integration into design applications.

To use CFD in an automated design environment, the flow
solver must meet fundamental requirements of accuracy, effi-
ciency, robustness, and fast convergence. High accuracy is re-

.quired because the improvements predicted by the method for

the design in question can only be as good as the accuracy of
the flow analysis. Efficiency of the flow solver is also critical
because the optimization of the design will generally require
the computation of many flow and adjoint solutions. The ro-
bustness of the method, i.e., its ability to obtain a flow solution
for a variety of configuration shapes and flow conditions, is of
great importance to guarantee the continuity of the design pro-
cess. The last aspect, rapid convergence, is also of significant
importance; in highly refined aerodynamic design applications,
the benefit of aerodynamic optimization lies in obtaining the
last few percentage points in aerodynamic efficiency. In such
cases, the solutions must be highly converged such that the
noise in the figure of merit is well below the level of realizable
improvement.

In our three-dimensional single-block applications, Jame-
son’s FLO87 code easily met all of the previously mentioned
criteria. FLO87 achieves fast convergence with the aid of mul-
tigridding and implicit residual smoothing, typically obtaining
solutions that converge to machine accuracy. The challenge
addressed in Ref. 6 was to meet these strict convergence re-
quirements within the framework of a cell-centered multiblock
flow solver. Thus, the general strategy employed in developing
the multiblock scheme consisted of using the same numerical
algorithms used in the single-block code. This goal can be
achieved by constructing and maintaining a halo of cells sur-
rounding each block in the mesh. Then, updates to the internal
cells within each block can be performed independently using
single-block techniques. This strategy requires the identifica-
tion of the halo cells and their corresponding donor cells (from
which they inherit their values) in the interior of the neigh-
boring blocks. The values of these halo cells need to be loaded
with appropriate flowfield data at regular intervals in the main
solution algorithm. A double halo is required so that the flow-
field values of the complete stencil necessary to calculate the
fluxes of all the internal cells in a block are available, even at
the block boundaries.

The values of the flow variables stored correspond to the
centers of the cells in the mesh. For conservation reasons, the
fluxes (both convective and dissipative) are computed at the
cell faces using the average of the values stored at the centers
of the two adjoining cells. Therefore, the presence of a single-
level halo for each of the blocks in the multiblock mesh is
required for the calculation of the convective fluxes. The dis-
sipative fluxes are composed of a blend of first- and third-
order differences corresponding to terms that mimic second
and fourth derivatives of the flow quantities.*® To calculate the
third-order differences, a second layer of halo cells is required
at each block interface. Halo cells on the external boundaries
of the entire computational domain are constructed and up-
dated by suitable extrapolation or reflection, depending on
whether the boundary condition applied corresponds to a solid
wall or a far field. Coarse grids in the multigrid sequence are
computed in the usual fashion, by coalescing groups of eight
cells and repeating the preceding halo cell process. Once the
halo configuration is set up for each block, standard methods
for the spatial discretization and time integration (including
artificial dissipation, implicit residual averaging, and multi-
gridding) are employed to compute the flow solution within
each individual block.

The presentation of the governing system of equations and
the solution strategy follows that of many earlier works.**~*°
The three-dimensional Euler equations may be written as

a af;
ow i _

ot oy 0 m D @
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where it is convenient to denote the Cartesian coordinates and
velocity components by x;, x», x; and u,, u,, us, and w and f;
are defined as

P pPU;
pu, puu, + péy
w=1\ pu, |, f. = | puiu, + P5i2 ®)
pus puus + pdis
pE pu.H
Also
p=(y— DplE — $(u)] )
pH = pE + p (10)

Consider a transformation to computational coordinates &, &,
&, where

ox; _ &
= — = K'=[—=
K (aé’j)’ J = det(K), i (axj)

Introducing scaled contravariant velocity components
U = Oy

where
Q=JK"'

the Euler equations can now be written as

oF; .
w +—=0 in D (11
ot &

with
P pU;
pu,y pUu, + Qup

W=7 pu |, Fi=0Q,fi=| pUu, + Qup 12)

pUs pUius + Qip
pE pUH

For multiblock meshes, the preceding notation applies to each
block in turn. The flow is thus determined as the steady-state
solution to Eq. (11) in all blocks subject to the flow tangency
condition on all solid boundary faces

U,=0 onall Bg (13)

where 7 takes the values 1, 2, or 3, depending on the direction
that is normal to the face Bg, where a solid surface exists. At
the far-field boundary faces, By, freestream conditions are
specified for incoming waves, whereas outgoing waves are de-
termined by the solution in the interior of the block.

The time-integration scheme follows that used in the single-
block code.”® The solution proceeds by calculating the cell
fluxes, smoothing the residuals, and updating the flow varia-
bles at each stage of the time-stepping scheme and on each
level of the multigrid cycle. The main difference in the inte-
gration strategy lies in the need to loop over all blocks during
each stage of the Runge—Kutta scheme. The use of the double
halo around each block permits standard single-block subrou-
tines to be used, without modification, for the computation of
the flowfield within each individual block.

The implementation of the implicit residual smoothing pro-
cedure is also different from that in the single-block code. In

the single-block flow solver, tridiagonal systems of equations
are solved using flow information from the entire grid. Thus,
each residual is replaced by a weighted average of itself and
the residuals of the entire grid. In the multiblock strategy, the
stencil for the residual smoothing is restricted by the bound-
aries of each of the blocks in the mesh. This approach is taken
to eliminate the need to solve scalar tridiagonal systems span-
ning the blocks, which would incur a penalty in communica-
tion cost. This change has no effect on the final solution, and
in the present implementation it has not led to any deterioration
in the rate of convergence.

Adjoint Formulation for the Euler Equations

The application of control theory to aerodynamic design
problems is illustrated by the case of three-dimensional design
using the Euler equations as the mathematical model for tran-
sonic flow. In our previous work,**”** the illustrative problem
most often described used a cost function that reflected the
difference between the existing pressure distribution and some
specified target. In the case of transonic flow over conventional
commercial transport wings, this aerodynamic figure of merit
proves to be very effective because the tailoring of pressure
distributions to achieve close to optimum performance is well
understood by most experienced aerodynamicists. However, in
the case of either supersonic design of three dimensional con-
figurations or designs that involve complicated geometries, the
specification of pressure distributions that will determine near-
optimum performance is considerably more challenging. For
this reason, from the outset of our development of the adjoint
formulation, numerous cost functions and their combinations
have been provided. In this paper, for illustrative purposes, we
will use the coefficient of drag at a fixed lift as the cost func-
tion

I=Cp

=C,ycos a + Cy sin
1

= S—f J C,(S; cos a + S, sin a) d§; d&
ref Bg

where S, and S, define projected surface areas, S, is the ref-
erence area, and d§, and d&, are the two coordinate indices
that lie in the plane of the face in question. Note that the
integral in the preceding expression is carried out over all solid
boundary faces in the multiblock mesh. The design problem is
now treated as a control problem where the control function
is the geometry shape, which is chosen to minimize 7 subject
to the constraints defined by flow Egs. (7—12). A variation in
the shape will cause a variation 8p in the pressure and, con-
sequently, a variation in the cost function

. ac,
8 = 8Cp + —2= Sa
Ja

where 8C,, is the variation in the cost function (coefficient of
drag) as a result of changes in the design parameters with «
fixed, whereas the second term describes the variation of the
cost function caused by changes in «. To treat the more inter-
esting problem of practical design, drag must be minimized at
a fixed lift coefficient. Thus, an additional constraint is given
by

6C, =0

or

SCL+6—Q8(1:0
oo
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Combining these two expressions to eliminate da gives

(5%)

~5c (14)

L
(5’&
Ja

\

8l = 8Cp, —

which requires the estimation of slopes in the lift and drag
curves. Because p depends on w through the equation of state
[Egs. (9) and (10)], the variation 8p can be determined from
the variation éw.

It is important to point out that if a fixed computational
domain is used, the variations in the shape result in variations
in the mapping derivatives Q,;. Define the Jacobian matrices

A; = ?_ﬁ’ C = QijAj (15)

ow

Then the equation for éw in the steady state becomes

a
a_f,-(éFi) =0 (16)

where in the domain
OF, = C;ow + 8(Q,)f;

and on solid surfaces

0 0
Q. 6p (0
OF,=| Qpdp | +p | &0 (17
0.39p (Q,3)
0 0

on any Bj.

Now, multiplying Eq. (16) by a vector costate variable i,
assuming the result is differentiable, and integrating by parts
over the entire domain

J <‘1"; 5F,-> dé — J (A8F) d& =0 (18)

where 77; are components of a unit vector normal to the bound-
ary. Equation (18) can now be subtracted from Eq. (14) with-
out changing the value of /. Then, i may be chosen to cancel
the explicit terms in éw and dp. For this purpose, i is set to
the steady-state solution of the adjoint equation

i“lf_cﬂﬂl_

=0 in D
p” iy in (19)

with the surface boundary condition
@O + Y0 + 405 =2 (20)

on all surfaces comprising B, where

9 = (1/3pyYM:Sd)[(S, cos @ + S, sin a)

+ Q(S, cos a — S, sin a)]
9C,
Ja
ac,
Ja

Q=

At internal block boundaries, the face integrals cancel from
the contributions of adjacent blocks. At the far field, the choice
of the adjoint boundary condition depends on whether the flow
is subsonic or supersonic. For subsonic flow, as long as the
outer domain is far from the configuration of interest, we may
set

Yis=0 2h

on all surfaces comprising By.

If, however. the far-field boundary is close to the body, then
boundary conditions may be determined by setting i, _s = 0
for incoming waves, with outgoing waves being extrapolated
from the interior solution. It is noted that the waves in the
adjoint problem propagate in the opposite direction to those in
the flow problem as a result of the sign reversal in Eq. (19).
For supersonic flows, the choice of boundary conditions at the
outer domain can be developed from physical intuition as well
as mathematical analysis. For a given geometry, a change in
the surface at any particular point P will affect the flow in a
conical region (referred to as the Mach cone) originating at P.
Similarly, it is possible to determine the region of space where
changes in either geometry or flowfield quantities will influ-
ence the solution and the aerodynamic properties at P. This
region would also form a cone that points in the direction
opposite to the Mach cone. It is the solution of this reverse
problem that the adjoint represents. Changes in the flow con-
ditions at a given point P are determined by contributions that
arise from changes to the surfaces that exist within the reverse
cone; changes to the geometry that occur outside of the reverse
Mach cone will have no influence at P. The solution of the
adjoint therefore determines the actual influence that any
change in the geometry may have on the solution at P. The
correct supersonic far-field boundary conditions for the adjoint
equation that are consistent with this reversed character are

U5 = 0

at the downstream exit

s (22)

extrapolated from the interior at the inflow boundary. Then, if
the coordinate transformation is such that §(JK ") is negligible
in the far field, we obtain the expression

1
ol = -—J’ J C,[(8S, cos a + 85, sin )
Srv:f Bg ’
+ (8S, cos a — 88, sin )] d§, d&

d
+ f ¢’T '(.E (BQUf;) dgk (23)

from which the gradient components can easily be obtained
by independent variations in the design variables, which, in
turn, modify the values of the mesh metrics. Note that Eq. (23)
does not require the recalculation of the flowfield because all
explicit dependence on 6w has been eliminated with the use
of the adjoint equation and the boundary conditions. Further
details concerning the approach as well as the development for
other cost functions have been presented in Refs. 4, 6, 15, 35,
38, and 45. The adjoint Eq. (19), along with its boundary con-
ditions [Egs. (20-22)], must be discretized and solved.

In the current implementation, a cell-centered, central-dif-
ference stencil that mimics the flux balancing used for the flow
solution is used. Because this choice of discretization differs
from the one obtained if the discrete flow equation Jacobian
matrix were actually transposed to form the adjoint system, the
gradients obtained by the present method will not be exactly
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equal to the gradients calculated by finite differencing of the
discrete flow solution. However, as the mesh is refined, these
differences should vanish.*!

The discretized adjoint system is solved on the multiblock
domain in a fashion identical to that used for the flow solution,
namely with an explicit multistage Runge—Kutta-like algo-
rithm accelerated by residual smoothing and multigridding. In-
terblock communication is again handled through a double
halo that allows for the full transfer of information across
boundaries, except for the stencil of support of the implicit
residual smoothing.

Multiblock Mesh Variations

The expression for 6/ in Eq. (23) eliminates the need for
multiple flow solutions to determine the gradient of / with
respect to an arbitrary number of design variables. The varia-
tion in the cost function derived from independent changes in
the design variables can now be explicitly calculated as long
as the mesh metric variation 8Q,;, 8S,, and S, are known in
all blocks in the mesh. These mesh metric variations can be
computed easily using finite differences. However, if this
method is used, the need to regenerate the mesh for indepen-
dent perturbations to the design variables arises. Unfortunately,
for complex three-dimensional configurations, elliptic or hy-
perbolic partial differential equations must often be solved in
an iterative fashion to obtain acceptably smooth meshes. These
iterative mesh generation procedures can be computationally
expensive, and, in a worst-case scenario, their cost approaches
that of the flow solution. Thus, despite the use of an adjoint
solver to eliminate the dependence of the gradient on the var-
iations in the flow variables, the use of finite difference meth-
ods for obtaining metric variations in combination with an it-
erative mesh generator could lead to overall computational
costs that are still strongly correlated with the number of de-
sign variables. Even in the case where the mesh regeneration
cost is reasonable, automatic multiblock mesh generation is by
no means a trivial task. In fact, no method currently exists that
allows this process to be accomplished without user interaction
for complex three-dimensional configurations.

Alternatively, one can use an analytic mapping procedure to
bypass the difficulties in the calculation of the mesh metric
variations. Our earlier works*'*'*****% ook advantage of this
approach for the automatic design of simple geometric config-
urations. The technique is fully automatic, produces smooth
consistent meshes, and eliminates the need to use finite differ-
ences for the variations in the mesh metric terms. Because the
mapping function fully determines the entire mesh for a given
surface shape, this analytic relationship may be directly dif-
ferentiated to obtain the required information without actual
remeshing. However, an analytic mapping method requires the
topology of the geometry to be built directly into the formu-
lation, and it is feasible for only relatively simple configura-
tions. Nevertheless, within these limitations, it has proven to
be highly effective.®****

For calculations involving complex three-dimensional ge-
ometries, the use of an analytic mapping procedure is not fea-
sible and an alternative procedure for automatic mesh gener-
ation had to be found. An option we have explored in this and
earlier works®*>** is the use of finite differencing with an an-
alytic mesh perturbation scheme. In this approach, a high-qual-
ity multiblock mesh appropriate for the flow solver is first
generated by any available procedure prior to the start of the
design. The examples shown in Ref. 56 use meshes created
using the Gridgen software developed by Pointwise, Inc.”* This
initial mesh becomes the basis for all subsequent meshes that
are obtained by analytic perturbations.

For single-block meshes, our original work had used the
simple strategy of moving all points in the mesh along coor-
dinate lines normal to the moving surface. The amount of mo-
tion was attenuated by the normalized arc length along each
index line. This approach was satisfactory for design problems

in which a single surface was allowed to move. For complex
geometries (such as wing—body or nacelle—pylon intersec-
tions) there is usually a need for two intersecting surfaces to
be deformed simultaneously. In this situation, the coordinate
direction normal to the moving surface becomes ill-defined and
the original method needed to be modified in a way that re-
sembles transfinite interpolation (TFI).”> Unlike TFI, where
there is no prior knowledge of the interior mesh, the pertur-
bation algorithm developed here (WARP3D) makes use of the
relative distributions of the interior points in the initial mesh.

The WARP3D algorithm has been modified from its initial
form® and is now a three-stage procedure® that is applied to
the blocks in the multiblock mesh that require it. The first stage
shifts the internal mesh points to produce an interim block that
is determined entirely by the new locations of the eight corner
points of the block. The second stage corrects the perturbations
resulting from the first stage by determining the distance each
of the 12 edges of the stage 1 block needs to be moved to
attain the final desired edge locations. Finally, with both corner
and edge point motion accounted for, the third stage corrects
the internal points for the relative motion of the six faces.

Because our flow solver and design algorithm assume a
point-to-point match between adjacent blocks in the mesh,
each block may be independently perturbed by WARP3D, pro-
vided that modified surfaces are treated continuously across
block boundaries. The entire method of perturbing an existing
mesh to create a new one is outlined in the following algorithm
(WARP-MB).

1) All block faces that are directly affected by the design
variables (active faces) are explicitly perturbed.

2) All edges that are in contact with an active face, either
in the same or in an adjacent block, are implicitly perturbed
with an arc-length attenuation method.

3) All inactive faces that either include an implicitly per-
turbed edge or abut to an active face are implicitly perturbed
with a quasi-three-dimensional form of WARP3D.

4) WARP3D is used on each block that has one or more
explicitly or implicitly perturbed faces to determine the final
location of the interior points.

Note that much of the mesh, especially away from the sur-
faces, will not require mesh perturbations and, thus, may re-
main fixed throughout the entire design process. Close to the
design surfaces, many blocks will either contain an active face
or touch a block that contains an active face, either through
an edge or a corner. As the design variations affect the active
faces, the preceding scheme ensures that the entire mesh re-
mains attached along block boundaries. Added complexity is
needed to accomplish the second step in the procedure because
the connectivity of the various edges and corners of the blocks
must be somehow known to the program. Currently, pointers
to and from a set of master edges and master corners are con-
structed in a preprocessing step. During the design calculation,
deflections to any edges or corners are transferred to these
master edges and corners which, in turn, communicate the
changes to all coincident edges and corners.

Because this mesh perturbation algorithm is analytic, it
would be possible to obtain analytic expressions for the vari-
ations in the metric terms required for Eq. (23). The use of
this approach was shown in previous work.* However, because
the mesh perturbation algorithm used in this work was signif-
icantly more complex, and because it was found that the com-
putational cost of repeatedly using the block perturbation al-
gorithm was reasonable (less than 5% of the total design
calculation time), finite differences were used to calculate the
mesh metric variations 6Q;;.

Design Variables and Constrained Optimization

To complete the design method, the remaining tasks are to
choose appropriate design variables and impose geometric
constraints. As discussed earlier, in some of our previous work
where an analytic mesh mapping strategy was used, each point
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of the surface mesh served as an independent design variable.
This technique combined with smoothing and a projection into
feasible space has proven to be highly effective for single-
block design cases.*'*'*****3%% In cases where an analytic
mapping becomes impractical, the use of the location of the
surface mesh points as independent design variables becomes
unreasonable because the number of these points is usually
very large. In this work we rely on the alternative strategy of
using Hicks—Henne functions described in an earlier section.
This choice has the benefit of reducing the number of design
variables and allowing for greater user control over the design
process.

To implement geometric constraints, the multiblock ap-
proach was coupled to the constrained nonlinear optimization
package of Gill et al.”> NPSOL implements a sequential quad-
ratic programming (SQP) method that requires relatively few
function and gradient evaluations. Search directions for both
primal and dual variables (the design variables and Lagrange
multipliers for the nonlinear constraints) are computed by solv-
ing a quadratic program (QP). The QP Hessian is a quasi-
Newton approximation to the Lagrangian, and the QP con-
straints are linearizations of the original constraints (including
all linear constraints, which are satisfied throughout). The step
length is chosen to reduce an augmented Lagrangian merit
function involving the primal and dual variables. SQP methods
and other optimization strategies are discussed in Gill et al.**
A complete treatment of the NPSOL algorithm and its merit
function are given by Gill et al.™

Because aircraft configurations are composed of separate ge-
ometry entities (wings, fuselages, nacelles, etc.), on which con-
straints must be imposed, it was considered advantageous to
use an underlying set of unintersected geometry entities as
starting input to the design process. The user-specified design
variables are allowed to act independently on any of these
geometry entities. Linear and nonlinear geometric constraints
are also evaluated on these primary geometry entities. During
the design procedure, changes to the original mesh surfaces
are obtained using a two-step process. Firstly, the modified
geometry entities are intersected to construct a set of perturbed
parametric patches that represent the complete configuration.
Secondly, by evaluating these perturbed patches at prespecified
(u, v) locations, the associated x, y, z coordinates of the surface
points in the perturbed multiblock mesh are determined. The
(u, v) locations are computed and stored in a preprocessing
step using the initial geometry entities and multiblock mesh.
Once the surface mesh points have been updated, the volume
mesh may be perturbed via the WARP-MP procedure and
either the solution or the gradient can be calculated.

The important feature of this approach is that a set of simple
geometry entities lies at the core of the entire design process.
This technique retains the typical way in which aerodynamic
vehicles are defined, and provides strict control over how
wing/body and other surface intersections are treated. Further-
more, because the chosen design variables act directly upon
the geometry entities, at the end of the design process these
entities may be output for further analysis. In the current im-
plementation, the input geometry entities are restricted to those
defined by networks of discrete point locations. However, in
the future, CAD entities such as NURBS surfaces will also
serve in this role, thereby allowing the I/O of the aerodynamic
surface optimization to interface directly with a CAD database.

Domain Decomposition and Parallel Implementation

The main strategies that are used to accomplish the paral-
lelization of the design code are a domain decomposition
model, a single program multiple data strategy, and the mes-
sage passing interface (MPI) library for message passing. The
choice of MPI was determined by the requirement that the
resulting code be easily portable to different parallel comput-
ing platforms as well as to homogeneous and heterogeneous

networks of workstations while still achieving high computa-
tional efficiency.

As the previous sections have indicated, obtaining the de-
sired parallelization by domain decomposition entails treat-
ment of the four separate parts of the design method: the so-
lution of the flow equations, the solution of the adjoint
equations, the calculation of the mesh perturbations, and the
calculation of the gradient integral formulas. No attempt is
made to parallelize the constrained SQP optimization algo-
rithm or the calculation of the changes to the underlying ge-
ometry entities. This approach inherently assumes that the de-
termination of the step sizes and search directions provided by
the optimization algorithm is computationally insignificant
when compared with the other elements of the design process.
Experimental evidence shows this statement to be true for typ-
ical numbers of design variables (100—300).

Because the flow and adjoint equations are to be solved
using exactly the same efficient numerical algorithms, the same
parallelization techniques used for the flow equations apply to
the solution of the adjoint equations. Therefore, all details of
the parallel implementation corresponding to these first two
parts of the program are identical. Furthermore, because the
mesh perturbation algorithm WARP3D also works on a block-
by-block basis, the communication necessary to maintain mesh
consistency can be addressed by the same domain decompo-
sition strategies that are used for the state and costate fields.
The essential details of WARP3D and its parallel implemen-
tation can be found in Ref. 39.

The message-passing strategy is based on the lists of point-
ers to and from halo cells described in a previous section.
These lists result from the decomposition of the blocks in the
mesh into a specified number of processors. The decomposi-
tion is achieved by assigning complete blocks to individual
processors. To preserve high parallel efficiency, the issue of
load balancing is taken into account by carefully distributing
a comparable amount of work (computation and communica-
tion) to each of the processors in the calculation. Although
each processor in the calculation will typically contain more
than one block, the data to be sent from one processor to
another is lumped into a single message, regardless of the
number of blocks in each processor. Communication is
achieved using asynchronous MPI constructs to minimize con-
tention in the communication network.

Reference 43 includes further refinements to the message-
passing strategy that enhance the parallel efficiency of the
method. It also describes in detail the important issues in the
parallelization of the method, as well as the parallel perfor-
mance in distributed memory computers with various levels of
networking sophistication.

Summary: Complete Multiblock Design Algorithm
(SYN87-MB)

With all the necessary components defined for the multi-
block adjoint-based design, we now proceed to outline the
complete algorithm.

1) Decompose the multiblock mesh into an appropriate num-
ber of processors and create lists of pointers for the commu-
nication of the block halo cells.

2) Solve the flowfield governing equations [Eqs. (7-13)] for
each design point.

3) Solve the adjoint equations [Eq. (19)] subject to the
boundary condition [Eq. (20)] for each design point.

4) For each of the n design variables, repeat the following:
perturb the design variable by a finite step to modify the ge-
ometry entities; reintersect the geometry entities to form per-
turbed parametric patches; use the WARP—-MB mesh pertur-
bation algorithm to translate changes in the modified
parametric patches to all points in the multiblock mesh; cal-
culate all of the delta metric terms 8Q,; within those blocks
that were perturbed by finite differencing; and integrate Eq.
(23) to obtain &I for those blocks that contain nonzero 86Q, ;,
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and for each design point, to determine the gradient compo-
nent.

5) Calculate the search direction using NPSOL and perform
a line search (possibly with multiple function calls).

6) Return to step 2 if a minimum has not been reached.

Practical applications of the design algorithm can be found
in Ref. 56.
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